REGULARITY CRITERIA FOR INTEGRAL
AND MEROMORPHIC FUNCTIONS

BY
J. M. ANDERSON(!)

1. Introduction. In this paper we shall consider functions f(z) which are mero-
morphic in the plane (hereinafter called meromorphic). In particular we consider
integral functions. Throughout the paper we shall assume familiarity with the
standard notation of the Nevanlinna theory,

T(r) = T(r,f), N(r,a), m(r,a), é(a,f) -
and with the first fundamental theorem (see e.g. [7]). We define
M(r) = M(r,f) =max|f(z)|  (|z|="),
k() = p(r,f) =min|f(2)] (|z]|=n,
using u(r) instead of m(r) for the minimum modulus to avoid confusion with the
schmiegungsfunktion m(r,f). We shall assume that f(z) is transcendental i.e. that
logr=0(T(r)) (r—> )

and also that f(0)=1. It is easily seen in the sequel that this involves no loss of
generality.
If f(z) is an integral function then for r sufficiently large [7, p. 18]

R+r
R—rT(R’f) (0O<r<R).

(L1 T(r,f) =logM(r,f) =

From this it is easily deduced that the order or type of f(z) is the same whether it
is defined by T'(r,f) or log M(r,f). We note in particular that

12) tim inf 705 0 o tim ing PEMCD)
(1.3) tim inf TCD) < oo o tm ing EMOS) o
reo reo

If f(z) is an integral function of order p < 1 then [13], [14]
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N(r,O) sinmp
1.4 li .
(14) M SUP Tog M(r) = mp

Since T(r,f) = N(r,0) + O(1) we conclude

T(r) > sinmp
(1.5) lmLs:p TogM®) = 7p *

Consider the integral function F(z) with real negative zeros for which (0< p< 1)
(1.6) n(r,0) ~ Arf (r— o0).
Then, as is well known (see e.g. [2])

N, 0) ~ %r" (r— o),

logM(r,F) = logF(r) ~ (r - o0),

sinmp

1

(- F) 2n sinzmp

m(r,F) ~ f (cos pB)* do,

=-§r‘D (r—> ©) (0<p$é)

A
psinzwp

(r— ) (%<p<1).

Thus (1.4) is best possible for 0 < p < 1, and (1.5) is best possible for 0 < p < 1.

2. The classical Wiman-Heins theory [8] and its extensions by Kjellberg [9],
[10] lead one to expect that the integral functions which only just attain the
growth demanded by (1.4) and (1.5) would have regular growth. We have the
following theorems.

THEOREM 1. Let f(2) be an integral function with f(0) = 1 such that for some p,
0<psi,
npT(r) < sinmplogM(r)

for all r > 0. Then

B = lim inf 1) T(’) >0.

r-+o

If, further, B < oo, then
T(@r)~pr*  (r— x).
THEOREM 2. Let f(z) be an integral function with f(0)=1 and such that for
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some p,0<p<1
2.1) np N(r,0) < sinnplog M(r)
for all r > 0. Then

' = lim inf 2°8M@

- rf
If, further, B’ < oo, then
logM(r) ~ f'r°  (r o),
B’sinnp
np

It is of interest to state the following corollary, which is implicit in some recent
work of Edrei [3] (see also [6]).

COROLLARY 1. Let f(z) be an integral function of lower order 1, 0<A <1, then

T(r) N(r,0) sinzd
lim sup oM@ = ™ P Tog My = md

N(r,0) ~ (r— ).

Proof. The first inequality is immediate. To prove the second let p be any number
greater than A. Then

lim inf228M®) _ o
r-*o rP
Thus by Theorem 2 there exists a sequence {r,} say, of values of r tending to in-
finity, such that
npN(r,,0) > sinnplog M(r,),

ie.

N(r,0) sinzp
i P TogM®) = mp

The result follows on letting p — 4.
If p =1 the condition (2.1) implies that f(z) has 0 as a Picard (and a fortiori
as a Borel) exceptional value. For such functions
logM(r) ~ar®  (r—» )
for some a« > 0 and positive integer n. Thus
B = lim inf 2BM® - ¢
r-+wo r

and if § < co then
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logM(r) ~ fr  (r— ).

Theorem 1 can thus be considered as an extension of this result to fractional
orders.

Theorem 1 is easily deduced from Theorem 2 as follows: Suppose that for
r=rg

npT(r) < sinmplog M(r).
Then, by the first fundamental theorem, since f(0) =1
2.2) np N(r,0) < np T(r) < sinwplog M(r).
Thus by Theorem 2

B’ =lim inf E%f—(l)»o

r—-+ o

and so by (1.2)

B =1lim inf L) 50,

reo re
Also if f < oo then by (1.3) f’ < co. Hence by Theorem 2
sinnplogM(r) ~ B'sinmprP (r— ),
ap N(,0) ~ B'sinnpr® (r—o0)
and thus by the inequality (2.2)

160)~ BB (s o)

as required.

3. For the case p > 4 it is a conjecture of Paley [12] that for an integral function

of order p
. T(r) 1
i P TogM() = 7

The example of §1 shows that the result would be sharp for § < p < 1. The Mittag-
Leffler functions [7, p. 19] show that it would be sharp for p > 1. This conjecture
is unproved, though Gol’dberg, [5], has shown that it is true with the additional
assumption that there exists a 6 for which

log|f(re®)| ~logM(r)  (r— o).

It is clear from our proof of Theorem 1 that it remains true for 3 <p < 1.
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If the above conjecture of Paley is correct, however, the theorem would be
vacuously true. Unfortunately the present results shed no light on the conjecture.

4. Theorem 1 can be extended, at any rate in part, to meromorphic functions.
We have

THEOREM 3. Let f(z) be meromorphic with f(0) =1 and such that for some
p,0<p<i,
np T(r) < sinnplog M(r) + npcosnp N(r, 0)
for allr > 0. Then

B =lim inf ——= ( )
If, further, § < oo then
T(r)

o = lim sup —5 <

r—+o

Theorem 3 is an immediate corollary of the following theorem.

THEOREM 4. Let f(z) be meromorphic in the plane and such that for some
p, 0 < p <1, either

4.1 np N(r,0) < sinnplog M(r) + npcosnp N(r, 0)
or
“4.2) sinmplog u(r) < npcosnp N(r,0) — npN(r, )
for all r > 0. Then

B =lim inf —= T( )
If, further, B < oo then

o =lim sup ﬁ < oo.

r—o

ReMARKS 1. Condition (4.2) is just condition (4.1) applied to F(z) =(f(z))"",
and so it suffices just to consider (4.1).

2. The inequality (4.2) and its conclusion have been used by Ostrovskii [11]
to show that for a meromorphic function of lower order 1 < %,

+
lim supl—og%"—f—)- = nA(cosecnl)(cos A — 1 + §(0)).

The result is sharp. An example to show this is easily constructed with the method
of [7, p. 117].
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"3. It is an open question whether under the hypotheses of Theorems 3 and 4
we can conclude that « = g i.e. that f(z) has perfectly regular growth in the
sense of Valiron.

In the proof of Theorem 4 we can prove the following slightly more general
‘theorem:

THEOREM 5. Let f(z) be meromorphic and such that, for some p, 0 <p <1,
giveng>0

ri+pe <&

“4.3) f (np N(r,0) — sinnplog M(r) — mpcosmp N(r, oo))

forallry>r, > re)or
4.4 np N(r,0) < sinnplog M(r) + npcosnp N(r, 0) + O(logr)  (r— o).
If B < oo then a < o and if (4.4) holds B > 0.

5. The proof of Theorem 4 uses results similar to those in [6]. We also use the
techniques developed by Kjellberg.

LEMMA 1. Let

F(z)=§:g; -1 (1+ai)/ il (1—bi), a,>0, b, >0,

n=1 m=1 m

be meromorphic and of order less than one. Then there exist constants K, k,
depending only on F(z) satisfying 0 < k < K < oo, such that for any r, >r, >0,
O<p<l,

f (np N(r,0) — sinnplog| F(r)| — mpcosmp N(r, o)) ; f_:p

kT(rlaF)_KT(zrz’F)‘

re rg

Proof. Let C be the contour consisting of the line segments r;<t=<r,,
—r,St< —r, and the semicircles |z| =r;, O<argz<m, and |z| =r,,
0 <argz <m, with indentations, of radius & say, around the zeros and poles
of F(z). Consider

J‘ log F(z) dz.

Tg1+p

We consider that branch of z'*# which is real for z > 0 and that branch of log F(z)
for which log F,(z) is real for z > 0 and log F,(z) real for z <0. Since F(z)
is meromorphic log F(z) has only logarithmic singularities at the zeros and poles
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of F(z). The contribution to the integrand along any indentation is therefore
O(6log1/6) as 6 — 0. Since F(z) is analytic inside the contour we obtain on letting
6—0,

0= f ’ (log F(r) — e~ **Plog F(— 1)) %

> T 2 n
+— f e~ log F(r,e™®) do— f e log F(r,€") do.
rs Jo e Jo
On multiplying through by ¢ and taking real parts we obtain,
r2 . dr
J: ! (nn(r,0) —sinwplog | F(r)l — mcosnp n(r, o)) e
= r{°P(ry) —r;°P(r2)
where
P(r) = — f (cos p (n — B)log| F(re*)| — sin p(n — 6) arg F(re")) df.
1]

Now

T onn0)dr - " N(r, Odr
[ e Nea 0 - N0+ [T

Thus we obtain

r2 ) dr
J: 1 (np N(r,0) — sinmplog| F(r)| — mpcosmp N(r, 00)) e

(5.1)
= ri?Q(r) —r2"Q(r)

where
() = n N(r,0) — ncosmp N(r, ) + P(r).
An application of Jensen’s theorem [7, formula (1.5)] yields

o) = =n(l —cosmp)N (r, 0)

+ j ‘(1 — cos p(m — 0))log| F(re")|
0

+ sinp(r — 0)arg F(re*) do,
since F(z) is symmetric with respect to the real axis. Now

n(l — cosmp)N(r, ©0) < 2aT(r),
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f '(1 — cos p(n — B)log| F(re®)| < 2xT(r),
]

I ’ sin p(n — 0)arg F(re'®) do < [nn(r,0) + nn(r, 00)] j " sin p(n — 6) dO
0 0

< n*[n(r,0) + n(r, ©)].

Now

(52)  n(r,0)log2 = n(r,0) j " % < J i -’l(i’tﬂdi < N(r,0) < T2r).

r

Similarly for n(r, c), and so we obtain
2n?
(5.3) 0() < 4aT(r) + 15 T(2r) < KT().

The left-hand inequality is not so immediate but it follows from the fact that
Y(0) =1 — cos p(n — 0) is a decreasing function of 6 for 0 < 8 < = and that

b4
m(r,F) = —11{ J; log|F(re"’)] do,

1 1 " ;
m (r,F-) = = J; log| F(re®)| df
for some y=7y(r) satisfying 0 <y < 7.
We prove the inequality only in the case 0<y < n/3, the cases when n/3 <y<2n/3

and 2z/3 <y < = being similar. Since

sin p(z — 0) arg F(re®) = 0
for 0 < 6 < n we have

Q(r) = n(1 — cosnp)N(r, ) + f (1 — cos p(n — 0))log| F(re*)| d6
0
= 7n(1 — cosmp)N(r, ) + n(1 — cos p(n — y))m(r, )

+ f ) (1 = cos p(n — 0))log| F(re®)| d6.
k4

Now loglF(rew)I is a decreasing function of 6 and is less than zero for y < 0 < =.
Thus

(5.4) f log| F(re®)| do < 1 f log| F(re®)| d0 = — Zm(r, 0).
27/3 3/, 3

Hence,
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Q(r) 2 (1 — cosp(n — ))T(r, F)

2n/3 T
+ U +f } 1—cosp(n—0))108|(F"ew)|d0
2n/3

2n/3

n(1 — cos p(n — ))T(r, F) + (1 — cos p(m — 7)) f log| F(re)| d6

v

+(1—cosnTp)f log| F(re®)| do
2n/3

(1 — cos p(n — y))T(r, F) — n(1 — cos p(m — y))m(r,0)

+ (cosp p(m—17)— cos’%’) J logl F(re"’)l do
2n/3

> n(1 — cos p(n — y))T(r, F) — n(1 — cos p(n — y))m(r,0)

+7§t ( cos? — cos p(n — y)) m(r,0)

by (5.4). Therefore by the first fundamental theorem
o= g [cos’%—p — cos p(m — y)] T(r,F)

n np 2np
> oF_ il 8
= 3(cos3 cos 3 )T( ,F)

since 0 < y < /3. This completes the proof of the lemma.

6. Proof of Theorem 4. If f(z) has only finitely many zeros and poles then,
since we are assuming that f(z) is transcendental

1) = P exp (),

where P;, P, are polynomials and ¢(z) is an integral function. From this we
conclude that f(z) has lower order at least 1 and so

()

B=lim inf —= = o0
for any p, 0 < p < 1, and so the theorem is proved.
Now, following Kjellberg we choose R sufficiently large so that f(z) has N
zeros and M poles in |z| < R where max(M,N) >0, R being! suitably chosen
later. We denote zeros by a, and poles by b,,. Let

o= (1-2) [ 11, (15,
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s= 1 (1 o) [ (1= i)
and define f5(z) by

(6.1) f(@) = f1(2) f5(2).
Then for 0 <r <4R, [3, Lemma A]

6.2) log | f3(re®)| < 1@-

Now

[August

N R
(6.3) T(R,f,)SN(R,0)+ N(R,0) + X log(l + ITI—) + Z log( s ’)

n=1

N R R r
nE=llog(1 +—‘:) = j log (1 +-t—)dn(t,0)

R n(1,0)dt
R+t +t t

< T2R,f)+ N(R,0) by (5.2)
< 2T(2R,f).

and

< n(R,0)log2 + f

Thus from (6.3) we obtain

(6.4) T(R,f;) £ 6T(2R,f).

Also, by a result of Edrei [3, formula 8.4], we have for r < 4R
14r

(6.5) T(r,f) S T(r.fy) + —T(2R,f )-

We now apply Lemma 1 to f,(z), which satisfies the hypotheses, to obtain, for

any ry,r,0<r, <r, <R,

f (npN(r,0) — sinnp log| fz(r)l — npcospN(r, 0)) r—‘li%
>k T(ry,f2) _ K T(Q2r;,f3)

P
rf rg

’

where k, K depend only on f,, i.e. on f. Thus by our hypothesis (4.1)
. r2 dr
0zsinmp [ (log] £0)] - Tog M) 55

T(ry,fz) _ KT(2" 2:J2)
n g

(6.6)
+ k
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But from (6.1),

. log M(r,f) < log M(r, f;) + log M(r, f3) < log | f,(r)| + log M(r.f5)
ie.
log|f,(r)| — log M(r, f) Z — log M(rf5).

Thus for r, < 1 R we obtain by (6.2),

. r2 dr . T(2R "> dr
sinmp I (log|f»(r)| — log M(r.f)) i —ldsinzp 1({ ) f re

_ — l4sinmp TQR) { pi=p_ pi-p }

1—-p R
— 14sinwp T(2R)r 1—p
1—-p R % °

If we now choose r, = 4R we obtain from (6.6)

sintp T(2R,f)
1-—- RF -

02 kL0LS2) 5o TRSD) _ gp-1. 1y
re RP
We now use the estimates (6.4) and (6.5) to obtain

03k 100 _ 14(_'_1)"" TQR.f) _ (6.2”K +14.2”'lsin7tp) T(2R.f)

8 R RP 1—p RP

Finally since r; < 1R we have, for some suitable constant K, > 0.

T(ry,f) T(2R.f)
6.7 0=k rlq -K, GR)

This holds for all R and all r; < 3R.

7. Theorem 4 now follows from (6.7). Suppose that r; is fixed, then by the
definition of B there exist arbitrarily large values of R such that for any ¢ > 0

TQ2R,f)< (B + &) (2R)’.
Thus for any ¢ > 0
(1.1) k ﬂz,l’l <K,B+2).

The left-hand side of this inequality is a fixed positive number and so if § =0
this gives a contradiction. Thus

B =lim inf—ql';)—>0.
re

r-o

Also (7.1) holds for any r,. Thus if § < co we obtain
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T() B
;€<oo

o = lim sup —~
This completes the proof of Theorem 4.
We note that for a given f(z) explicit values of K . and k could be calculated.
This, however, sheds no light on the more interesting question of whether or not
o = B under the hypotheses of Theorem 4.
If instead of (4.1) we use the assertions (4.3) and (4.4) we obtain instead of (6.7)
the assertions
> k T(rl’f) I{1 T(2R’f)

- GRy 1O

and

Kylogry _ T(ri.f) _ o TQR.S)
e T ' @Ry

respectively for some K, < . The conclusions then follow as before since we are
assuming that f(z) is transcendental. Thus Theorem 5 is proved.

8. It remains to prove Theorem 2. By Theorem 4 and (1.1) we have ' >0,
and if B’ < oo, then
®8.1) o' =lim sup k)f—pM(r)< 0

r—o

and we have to show that « = 8. Now f(z) has genus zero by (8.1). Let

@=T11(1-2).

n=1 n

Fo) = T (1 + Iznl)‘
Then, [8], p. 204, we have

(8.2) log M(r,f) = log F(r),
Hence by (2.1)

sinzmp
” log F(r).

(8.3) N(r,0) =
Also from (8.1)

o, = lim sup
r-+o

log F(r) <
rP

Now F(z) satisfies the hypotheses of Lemma 1, and so, with the notation of that
lemma
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8.4) f ’2 (mpN(r,0) — sinmplog F(r)) rf’fp = QE:;) - ng).

Now by (5.2),
Q(r) < KT(2r) < Klog F(2r)
and so from (8.4)
o(r)

" __ 11
o" =lim sup — < 0.
r—o

By (8.3) we obtain
o(ry) < o(r2)

LT

for all r, > r; > 0. Now let r, — oo through a suitable sequence of values so that
r3 ?Q(r,) tends to its lower limit " say. We obtain «” < " and so Q(r) ~ &"r’(r— co0).

Applying this to (8.5) we see that given any ¢ > O there exists an r(g) such that
for r, >ry > r(e),

rz . dr
£ > (rpN(r,0) — sinzwplog F(r)) v > —&.
ry

By our hypothesis (2.1) and (8.2)
2 . dr
—&< f (mpN(r,0) — sinwplog M(r, f)) TiFp <0
ry
and so we obtain by subtraction that
. 2 dr
0 =sin npf (log F(r) — log M(r,f)) ) = — 2
ri
Thus the integral
® ‘ dr
[ toere) - tog e 1155

exists and is finite. Now,

® n(t,0dt _ = N(t,0)dt
t+r Jo (@+r?

' iogF(r) =r J;

and so we may write (8.3) as

N(t,0) t°dt
P (t+1r)?

: @
rPN(r,0) < S22 10 j
p ()}

sinmp J’°°N(t,0) @it de
m Jo t* ((H+1? t°
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We let r =¢°, t = ¢" and let Y(s) = r°N(r,0). Thus (8.3) becomes

sinzp [© (e"™5)t*e
vo s 508 [ 40 iy

i.e.
®3) b9 s [ wke=-sdu

where
_SINTP 14p) -2
K(x) ” e (e+1)"°.
Convolution inequalities like (8.5) have been studied by Essén [4]. He has the
following lemma.
LEMMA 2. Let y(s) be bounded and slowly decreasing, i.e.

liminf liminf |Y(y)—¥(x)|20.

x=>00 y—x-0:y>x

If K(x)e £ (— o0, ) and satisfies

on K(x)dx =1,
j‘w |x|K(x) dx < o0,

j xK(x)dx=m#0,

then the inequality (8.5) implies that lim,., , Y(x) exists.
If we apply the lemma to Y(s) = r"?N(r,0) as above, we obtain
N@r,0) ~Irf  (r- o)

for some I. We must show that Y and K satisfy the hypothesis of the lemma.
It is easy to verify that

0 ex(l +p)
f m = np(cosecnp).
-

Differentiating with respect to p we obtain (0 < p <1)

J‘ © xeg(1+P) ]y

— = 1 —_ 2
. FFI? n(sinmp — mp cosmp)cosec” np # 0.
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The other condition on K is also clearly satisfied. It follows from (8.1) that y(s)
is bounded. Also

00) —yy = 282 MO MO (174 ],

rh rf rf ry

As r,/r; —» 1 and r— oo the above expression tends to zero, and so ¥ is slowly
decreasing. Thus

N@,0)~1Ir* (r— )
and elementary Tauberian and Abelian arguments enable us to conclude that
n(r,0) ~ lpr? (r > o0),
log F(r) ~ nlp(cosecmp)r®  (r— oo).
But from (8.4) we conclude by a well-known argument [1, §4] that
limr~?(log F(r) — logM(r,f)) =0
as r — oo outside an open set, E say, of finite logarithmic length. Thus for r ¢ E
log M(r,f) ~ nlp(cosecmp)r®  (r— co).

But if reE there exists r;r, ¢ E with r; <r <r, and such that log(r,/r;)—0
(r; = ). Now logM(r,f) is a monotonic increasing function of r. Thus given
&> 0 we have, for r sufficiently large,

log M(r,f) > log M(r,f) ~ nlp(cosecmp)r{ > nlp(cosecmp)(l — &)r’
and
log M(r, f) <log M(r,,f) ~ nlp(cosecmp)rs < nlp(cosecmp)(1 + g)r’.
Hence
log M(r,f) ~ nlp(cosecmp)r® (r— o).
Thus, by the definition of ',
logM(r.f) ~ B'r* (r— ),

Nr,0) ~ ”ft‘—;"”r" (r—> ),

which is the required result.

REFERENCES
1. J. M. Anderson, Growth properties of integral and subharmonic functions, J. Analyse Math.

13 (1964), 355-389.
2. N. A. Bowen, A function-theory proof of Tauberian theorems on integral functions, Quart.

J. Math. Oxford Ser. 19 (1948), 90-100,



200 J. M. ANDERSON

3. A. Edrei, The deficiencies of meromorphic functions of finite lower order, Duke Math. J.
31 (1964), 1-21.

4. M. Essén, Note on ““A theorem on the minimum modules of entire functions™ by Kjellberg,
Math. Scand. 12 (1963), 12-14.

5. A. A. Gol’dberg, Growth of an entire function along a half-line, Dokl. Akad. Nauk SSSR
152 (1963), 1049-1050. (Russian)

6. A. A. Gol'dberg and I. V. Ostrovskii, Some theorems on the growth of meromorphic
Sfunctions, Kharkov Gos. Univ. U&. Zap. 4 (1961), 27.

7. W. K. Hayman, Meromorphic functions, Oxford Univ. Press, New York, 1964.

8. M. Heins, Entire functions with bounded minimum modulus ; subharmonic function analogues,
Ann. of Math. 49 (1948), 200-213.

9. B. Kjellberg, On the minimum modulus of entire functions of lower order less than one,
Math. Scand. 8 (1960), 189-197.

10. , A theorem on the minimum modulus of entire functions, Math. Scand. 12 (1963),
5-11.

11. 1. V. Ostrovskii, On defects of meromorphic functions with lower order less than one,
Dokl. Akad. Nauk SSSR 150 (1963), 32-35. (Russian)

12. R. E. A. C. Paley, A4 note on integral functions, Proc. Cambridge Philos. Soc. 28 (1932),
262-265.

13. G. Valiron, Sur le minimum du module des fonctions entiéres d’ordre inferieur @ un,
Mathematica 11 (1935), 264-269.

14. A. Wahlund, Uber einem Zusammenhang zwischen dem Maximalbetrage der ganzen
Funktion und seiner unteren Grenze nach dem Jensen’schen Theoreme, Ark. Mat. Astronom. Fys.
21A, No. 23 (1929), 34 pp.

HARVARD UNIVERSITY,
CAMBRIDGE, MASSACHUSETTS



